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ABSTRACT: The presented model to predict the elastic modulus of a polymer/ellipsoidal filler/oblate platelet system is based on Eshel-

by’s equivalent inclusion method and Mori-Tanaka’s back-stress analysis. We considered wood flour and intercalated clay particles in

three-phase polymer nanocomposites as ellipsoidal and oblate platelet shapes, respectively. The intercalated clay particles along with

the polymer chains in the clay galleries are treated as equivalent oblate fillers (EOFs). Via controlling wood flour and EOF aspect

ratios (a and b) and the silicate layer number (n) in an EOF, the model prediction was compared with experimental data. The model

predicted a and b values are within a range of 2.4–5 and 44–75, respectively, which are in good agreement with experimental observa-

tions. Quantitative agreement between model prediction and experimental data is achieved for a ¼ 3.7 and b ¼ 75 when n ¼ 2. The

proposed model recovers the two-phase results for polymer/ellipsoidal filler systems or polymer/oblate platelet systems. VC 2012 Wiley

Periodicals, Inc. J. Appl. Polym. Sci. 000: 000–000, 2012
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INTRODUCTION

Composite materials have been intensively studied in the recent

past because of their improved and novel properties compared

to the component materials.1–7 Among these composite materi-

als, polymer-based composites attract substantial academic and

industrial attention, as such materials are extensively used. New

polymeric matrices, reinforcement fillers, and compounding for-

mulations are of substantial interest, as is the development of

models to direct the design and preparation of composite mate-

rials. Several theories were considered to predict the mechanical,

thermal expansion, and other properties in terms of the elastic

properties of the matrix and filler, the geometry of the filler

particles, and the overall morphology of the composite. Here,

we focus on micromechanics methods, which are shown to be

useful for characterizing polymer-based composite materials.

These micromechanics methods, including the dilute Eshelby,

Mori-Tanaka, self-consistent, bounding, Halpin-Tsai, and shear

lag models, are used to characterize the mechanical and thermal

properties of two-phase polymer-based composites.8 A wide

range of filler materials have been used to reinforce polymeric

matrices, but for a specific type of composite, only one type of

filler, such as wood fiber, clay, carbon nanotubes, or glass fibers,

was used. These filler particles are always considered to be

spherical, cylindrical, or disc shaped. In some cases, such as for

nanocomposites based on partially exfoliated and intercalated

aluminosilicate platelets from montmorillonite-based organo-

clays, three-phase conditions should be considered. Luo and

Daniel developed a three-phase model based on the Mori-

Tanaka method to calculate the moduli of nanocomposites con-

sisting of an epoxy matrix, exfoliated clay platelets, and interca-

lated clay clusters, as a function of various parameters, such as

clay concentration, exfoliation ratio, exfoliated clay layer aspect

ratio, intercalated clay cluster aspect ratio, layer spacing, and

intragallery stiffness factors.9 With the appropriate parameters

obtained from the experiment, the prediction of the three-phase

model is in good agreement with the measured results. Taya

and Chou also developed a three-phase model via a combina-

tion of Eshelby’s equivalent inclusion method and Mori-Tana-

ka’s back stress analysis.10,11 Two fillers (inhomogeneities) were

considered as ellipsoidal and spherical shapes to take advantage

of the calculation method introduced by Eshelby. In our study,

a new three-phase composite was prepared by reinforcing poly-

lactide (PLA) with wood flour and clay particles concurrently. It

is interesting to note that in this three-phase system, wood flour

and clay particles have different characteristic shapes and large

size variations. To our knowledge, such a system has not yet

been modeled via micromechanics methods to predict
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mechanical properties. We extended Taya and Chou’s method to

our PLA-wood flour-clay particle system and compared the the-

oretical predictions with the experimental results.

Different characteristic shapes were emphasized, and we devel-

oped a theoretical analysis by considering wood flour particles

as ellipsoidal fibers and intercalated clay particles as equivalent

oblate platelet fillers. Our experimental results suggested that we

consider the clay particles as intercalated clay clusters with a

stack number n. The reinforcement fillers were characterized by

two different aspect ratios, a for wood flour and b for the

equivalent oblate platelet fillers.

THEORETICAL BASIS

To better understand the development of our model, we briefly

recall Eshelby’s method of equivalent inclusion. Eshelby devel-

oped a method to solve the elastic field in an elastic medium

disturbed by an included subregion. ‘‘Eigenstrain’’ is a generic

name that refers to nonelastic strains such as thermal expan-

sion, phase transformation, and initial strains. In Eshelby’s pa-

per, eigenstrains refer to stress-free transformation strains in a

region within an infinite homogeneous isotropic elastic me-

dium.12 A region within an elastic medium, which has the same

elastic modulus as the remainder of the elastic medium, is

called an inclusion. A region with different elastic modulus

from that of the remainder is an inhomogeneity. Eigenstrain is

associated with an inclusion or an inhomogeneity but is zero in

the remainder of the elastic medium. An inclusion undergoing

a change of shape and size disturbs the elastic state of the inclu-

sion and matrix. A simple set of imaginary cutting, straining,

and welding operations helps to determine what the elastic

states of inclusion and matrix are. The inclusion is cut along

the interface between the inclusion and the matrix and removed

from the matrix. After removing, the inclusion experiences a

stress-free transformation which is also called eigenstrain e*.
Surface tractions are chosen to restore the inclusion to its origi-

nal form. The restored inclusion is returned/rejoined with the

surrounding matrix. The surface tractions are replaced by body

forces and the transformation causes a complicated strain distri-

bution eC xð Þ in the entire body. Eshelby shows that within an

ellipsoidal inclusion the strain distribution eC xð Þ is uniform and

is related to the eigenstrain e* by

eC ¼ Se� (1)

where S is Eshelby’s tensor and depends on the inclusion geom-

etry and the matrix elastic constant.

For a case of an infinite homogeneous isotropic elastic body

containing ellipsoidal inhomogeneities, Eshelby postulated that

the inhomogeneities can be simulated by inclusions in the ho-

mogeneous matrix with a fictitious eigenstrain e*. Assuming

that the entire body is subject to a uniform applied strain eA at

infinity, one obtains via Eshelby’s equivalent inclusion method

CmðeA þ eC � e�Þ ¼ C I ðeA þ eCÞ (2)

where Cm and CI are the elastic constant tensors for the matrix

and the inhomogeneities, respectively, and eC is the complicated

strain field introduced by the presence of the inhomogeneities.

Via eqs. (1) and (2), one notes that the eigenstrain e* is propor-

tional to the uniformly applied strain eA

e� ¼ C I � Cm

½ðCm � CI ÞS � Cm� e
A (3)

Mori and Tanaka provided a method of calculating the average

internal stress in a matrix containing inclusions with transfor-

mation strain.11 Their method shows that the average stress in

the matrix is uniform throughout the material and the actual

stress in the matrix is the average stress plus the locally fluctuat-

ing stress due to the inclusions. The average of the locally fluc-

tuating stress vanishes in the matrix.

Taya and Chou developed a method to obtain the longitudinal

Young’s modulus of fiber-fiber and fiber-particulate systems

based on Eshelby’s equivalent inclusion theorem and Mori-

Tanaka’s bask stress analysis.10 Taya and Chou’s method simu-

lates the conditions with high inhomogeneity volume fraction

and the interaction between inhomogeneities. They assumed

that the elastic body (matrix) is infinite and isotropic and that

there is an infinite number of two kinds of inhomogeneities in

the matrix. The matrix and inhomogeneities are linearly elastic

and the inhomogeneities are either isotropic or transversely

isotropic. All inhomogeneities are aligned in the uniaxial load-

ing direction. The interfacial adhesion between the matrix and

the inhomogeneities is perfect. We briefly review the Taya-

Chou method and adapt it to our PLA/clay/wood

nanocomposites.

An external stress r0ij (see Figure 1, r0ii refers to r033.) is applied

to the composite. The polymer matrix acquires a disturbed

stress field given by:

rij
� �

M
¼ C0

ijkl~ekl (4)

where ~ekl is the average strain disturbance due to all X1 and X2.

The < > bracket refers to the volume average value. C0
ijkl is the

elastic constant of the matrix, correspondingly, C1
ijkl and C2

ijkl are

the elastic constants for X1 and X2, respectively. Single inhomo-

geneities X1 and X2 are introduced into the nanocomposite suc-

cessively. From this two-step introduction, we obtain two fun-

damental equations over the entire composite domain (D), via

Eshelby’s equivalent inclusion method.

r0ij þ r1ij ¼ C0
ijklðe0kl þ ~ekl þ e1kl � e�klÞ

¼ C1
ijkl e0kl þ ~ekl þ e1kl
� � ð5aÞ

r0ij þ r2ij ¼ C0
ijkl e0kl þ ~ekl þ e2kl � e��kl
� �

¼ C2
ijkl e0kl þ ~ekl þ e2kl
� � ð5bÞ

r1ij , r
2
ij , e

1
ij , e

2
ij are the disturbances of the stress and strain due

to these single inhomogeneities, respectively. e�ij and e��ij are the

eigenstrains, which are used to simulate the inhomogeneities,

corresponding to X1 and X2, respectively. Note that for the

entire composite domain D, r0ij ¼ C0
ijkle

0
kl always holds.

Eshelby’s calculations yield:
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e1kl ¼ S1klmne
�
mn in X1 (6:a)

e2kl ¼ S2klmne
��
mm in X2 (6:b)

where S1klmn and S2klmn are the Eshelby tensors for X1 and X2,

respectively. The Eshelby tensors depend only on C0
ijkl and on

their respective specific geometries.

One can eliminate e1kl and e2kl in eqs. (5) via the relations in eqs.

(6). Hence, we have three unknown variables ~eij , e�ij , and e��ij
which can be solved via eqs. (5) and the equilibrium conditionR
D
rijdV ¼ 0, where rij denotes the disturbed stresses including

rij
� �

M
, r1ij , and r2ij . From the equilibrium condition, the rela-

tion between these three disturbed stresses is:

1� f1 � f2ð Þ rij
� �

M
þf1 r1ij

D E
þ f2 r2ij

D E
¼ 0 (7)

where f1 and f2 are the volume fractions of X1 and X2, respec-

tively. Once ~eij , e�ij and e��ij are determined, we can compute the

longitudinal modulus of the nanocomposites by using the

equivalence of the elastic strain energies,

r033
� �2
2EL

¼ r033
� �2
2E0

þ r033e
�
33f1

2
þ r033e

��
33 f2

2
(8)

To finally obtain the formula for the longitudinal modulus EL as

EL

E0
¼ 1

1þ g
(9)

where

g ¼ f1
B�
3S1 þ B�

4S2
� �

A�S
þ B�

4 � m0B�
3

� �
A�

� �

þf2
B��
3 S1 þ B��

4 S2
� �

A��S
þ B��

4 � m0B��
3

� �
A��

� �
ð10Þ

The expressions for A*, A**, and B�
1 are given in the appendix.

MODEL DEVELOPMENT

Considering wood flour and intercalated clay particles as two

types of ellipsoidal inhomogeneities—elliptic fibers and oblate

platelets as shown in Figure 2, we developed a model based on

the method of Taya and Chou. In addition to the assumptions

made by Taya-Chou, we also consider the following13:

• Wood flour particles are treated as elliptic fibers (a1 ¼ a2 <

a3); clay particles (intercalated silicate layer clusters) are

treated as oblate platelets (a1 < a2 ¼ a3). All clay particles

are considered intercalated, forming clay clusters with paral-

lel stacked n single silicate layers.

• Wood flour particles are aligned uniaxially along the load-

ing axis x3 as shown in Figure 2, clay platelets are aligned

in such a way that the biaxial surface is parallel to the x3
axis, and the direction normal to the biaxial surface is ran-

dom. All inhomogeneities are distributed uniformly in the

matrix except for the direction normal to the biaxial surfa-

ces of the clay platelets.

Figure 1. Sketch of a composite system. X1 and X2 denote the fiber and

oblate platelet inhomogeneities. C0
ijkl , C

1
ijkl , and C2

ijkl represent the elastic

constants of the matrix, X1 and X2, respectively.

Figure 2. Physical representations, coordinate systems used for the calcu-

lation of composite stiffness based on fiber and oblate plate reinforcement

(fiber: a1 ¼ a2 < a3; oblate platelet: a1 < a2 ¼ a3; a1, a2, and a3 are the

radii along axes x1, x2, and x3, respectively). [Color figure can be viewed

in the online issue, which is available at wileyonlinelibrary.com.]
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TEM images confirm that the clay particles are mostly interca-

lated and partially exfoliated in the PLA matrix. The polymer

matrix molecules and the silicate layers are of equivalent size,

and the interactions of the silicate layers with the polymer ma-

trix molecules around the nanofillers at nanometer length scale

are more concentrated than for the bulk polymer molecules.

The polymer matrix inside the nanofillers at nanometer scale

cannot be treated as isotropic as for the bulk polymer mole-

cules. We, therefore, consider the intercalated clay particles to-

gether with the polymer molecules in the galleries as equivalent

oblate fillers (EOFs) as shown in Figure 3.

The longitudinal elastic constant (EEOF) and biaxial direction

Poisson ratio (mEOF) for the lamellar silicate layers reinforced

EOFs are determined via a nanoscale model for intercalated

clusters as9:

EEOF ¼ Vf Ef þ 1� Vf

� �
Em þ mf � mm

� �2
1�m2

f

Vf Ef
þ 1�m2m

1�Vfð ÞEm
(11)

mEOF ¼ Vf mf þ 1� Vf

� �
mm � mf mm

� �
Vf 1þ mmð ÞEf þ 1� Vf

� �
1þ mf
� �

Em

Vf 1� m2m
� �

Ef þ 1� Vf

� �
1� m2f

	 

Em

ð12Þ

where Vf is the volume fraction of inorganic silicate layers in an

EOF; Ef and Em are the elastic constants of the silicate layer and

the polymer matrix, respectively; mf and mm are the Poisson

ratios for the inorganic clay silicate layers and the polymer ma-

trix, respectively.

Assuming that there are n silicate layers in an EOF and the ge-

ometry of a silicate layer is assumed to be a disk of thickness l

and L is the d-spacing of intercalated clay as shown in Figure 3,

we can determine Vf as:

Vf ¼ nl

ðn� 1ÞL þ l
(13)

Vf refers to the volume fraction of inorganic silicate layers in

EOFs.

We calculate the Eshelby tensors for the intercalated clay clusters

based on the oblate ellipsoid shape in the coordinate system

and the alignment direction of clay clusters as shown in Figures

1 and 2 via the Mura method.14 We obtain:

S21111 ¼ S23333 ¼
1

4ð1� m0Þ
3

2
� 3b2 2þ b2

� �
2 b2 � 4
� �2 � 4� 8m0

b2 � 4
� �

" #

þ
b2 cos�1 2

b

	 

16 1� m0ð Þ b2=4� 1

� �3=2 1� 2m0 þ 9b2

4 b2 � 4
� �

" #
ð14aÞ

S21122 ¼ S23322 ¼
1

1� m0ð Þ b2 � 4
� � 3� 2m0 þ 12

b2 � 4
� �

" #

�
b2 cos�1 2

b

	 

16 1� m0ð Þ b2=4� 1

� �3=2 1� 2m0 þ 12

b2 � 4
� �

" #
ð14bÞ

S21133 ¼ S23311 ¼
1

4 1� m0ð Þ
1

2
� b2 2þ b2

� �
2 b2 � 4
� �2 þ 4� 8m0

b2 � 4
� �

" #

þ
b2 cos�1 2

b

	 

16 1� m0ð Þ b2=4� 1

� �3=2 �1þ 2m0 þ 3b2

4 b2 � 4
� �

" #
ð14cÞ

where b (¼ a3/a1) is the aspect ratio of the EOFs when n > 1

and the aspect ratio of single silicate layers when n ¼ 1 and m0
is the Poisson ratio of the matrix.

EXPERIMENTAL

The PLA used in this study was PLA 2002D purchased from

NatureWorks. The density of the PLA is 1.24 g/cm3. The layered

silicate used in this study was CloisiteVR 20A from Southern

Clay Products Inc. The density of the clay is 1.77 g/cm3 with a

mean interlayer spacing of the (001) plane d001 ¼ 2.42 nm. The

organic content in CloisiteVR 20A, reported by supplier, is 38 wt

%. When calculating the silicate layer volume fraction, the or-

ganic modifiers in nanoclay were approximately treated as the

same polymer as the matrix. The hardwood (maple) was

obtained from ExxonMobil.

All PLA/clay/wood nanocomposite samples were prepared via

twin-screw extrusion and injection molding, according to the

method described in our previous paper.15 The sample compo-

sitions are summarized in Table I.

The tensile tests were performed with an Instron 5582 materials

testing machine. The tension tests were based on the ASTM

D638 standard at a crosshead speed of 5 mm/min and at 23 6

Figure 3. Intercalated clay silicate layer cluster (a) and its axial sectional

view (b), each line in (b) represents one silicate layer. The intercalated

clay ‘‘d-spacing’’ L and silicate layer thickness l are shown in (c). [Color

figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

ARTICLE

4 J. APPL. POLYM. SCI. 2012, DOI: 10.1002/APP.38049 WILEYONLINELIBRARY.COM/APP



1�C. A Siemens D500 X-ray diffractometer was used to measure

the d-spacing of the nanoclay in the nanocomposites at room

temperature. The X-ray beam was Cu-Ka (k ¼ 0.154 nm) radia-

tion, operated at 43 KV and 38 mA. The scanning rate was

0.01�/s and the 2y ranged from 1.06 to 30�. A Jeol 2010 trans-

mission electron microscope (TEM) was used to examine the

nanocomposite morphology at an acceleration voltage 200 KV.

Wood flour particles were stuck directly on a piece of carbon

tape and mounted on a SEM sample holder. The morphology

and size of the wood flour particles were observed using a Jeol

JSM-820 scanning electron microscope (SEM) at an acceleration

voltage of 20 kV. The SEM samples were sputter-coated with

gold before observation.

RESULTS AND DISCUSSION

Determination of Physical Constants

The values of the density (q), elastic modulus (E), and Poisson

ratios (m) of the components (PLA, wood flour, and clay) were

taken from literatures and from the technical data supplied by

the manufacturers (see Table II). The Lam�e constants (l and k)
were calculated via the elastic modulus E and the Poisson ratio

m as follows:

k ¼ 2lm= 1� 2mð Þ (15)

E ¼ 2 1þ mð Þl (16)

We determined that l ¼ 1 nm and L ¼ 3.5 nm via XRD and

TEM data/images, therefore

Vf ¼ nl

n� 1ð ÞL þ l
¼ 2n

7n� 5
(17)

Submitting eq. (17) and the E and m values of the neat PLA and

the silicate layer into eqs. (11) and (12), we can obtain the lon-

gitudinal elastic constant (EEOF) and biaxial direction Poisson

ratio (mEOF) for the EOFs as a function of silicate layer number

n.

Model predictions were compared with experimental data (see

Table III). The polymer clay nanocomposites (PCNs) and poly-

mer clay wood nanocomposites (PCWNs) data were from our

research, and the polymer wood composites (PWCs) data were

obtained from the paper by Huda et al.16

Polymer-Ellipsoidal Filler System

Note that by setting f2 ¼ 0 in eq. (10), the model recovers the

results for a polymer-ellipsoidal filler system, given by:

EL

E0
¼ 1

1þ f1
B�
3S1þB�

4S2ð Þ
A�S þ B�

4�m0B�
3ð Þ

A�

� � (18)

The volume fraction f2 in S, S1, and S2 (see Appendix) also van-

ishes and the three-phase composite model has been reduced to

a two-phase model. We examine the effect of varying wood

flour aspect ratio (a) on the elastic modulus of the composites

and compare the predictions with those of three other models,

the Voigt, Reuss, and Halpin-Tsai models. The Voigt, Reuss, and

Halpin-Tsai models are given by:

E
Voigt
L ¼ V0E0 þ V1E1 (19)

EReuss
L ¼ 1

V0

E0
þ V1

E1

(20)

EH�T
L

E0
¼ 1þ fgV1

1� gV1

(21)

where V0 and E0 refer to the matrix volume fraction and longi-

tudinal elastic modulus; similarly V1 and E1 refer to the filler

volume fraction and longitudinal elastic modulus. In the

Table I. PLA/Clay/Wood Nanocomposite Sample Compositions

Sample

Weight % Volume %

PLA
Wood
flour

CloisiteVR

20A
Wood
flour

Silicate
layer

P1C 99 0 1 0 0.27

P3C 97 0 3 0 0.82

P5C 95 0 5 0 1.38

P0C30W 70 30 0 50.8 0

P1C30W 69 30 1 51.0 0.19

P3C30W 67 30 3 51.4 0.58

P5C30W 65 30 5 51.8 0.97

Table II. Key Physical Properties of PLA, Wood Flour, and Clay

E (GPa)
Poisson’s
ratio m l (GPa) k (GPa)

density
q (g/cm3)

PLA 3.75 0.35 1.39 3.24 1.24

Wood 9.6 0.45 3.31 29.79 0.51

Clay17 178 0.20 74.17 49.44 2.83

Table III. Elastic Modulus Experimental Data for Neat PLA, PCNs,

PCWNs, and PWCs

Sample EL (GPa) EL/E0

Volume fraction %

Wood flour
Inorganic
silicate layer

Pure PLA 3.75 1 0 0

P1C 4.10 1.17 0 0.27

P3C 4.25 1.22 0 0.82

P5C 4.56 1.30 0 1.38

P0C30W 5.87 1.68 50.8 0

P1C30W 6.28 1.79 51.0 0.19

P3C30W 6.65 1.90 51.4 0.58

P5C30W 7.09 2.03 51.8 0.97

Neat PLAa 2.7 1 0 0

P20W 4.8 1.78 37.6 0

P30W 5.3 1.96 50.8 0

P40W 6.3 2.33 61.7 0

aPLA matrix used by Huda et al.16
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Halpin-Tsai model, f is a parameter dependent upon the geom-

etry and loading direction of filler, and g is given by

g ¼
E1
E0
� 1

E1
E0
þ f

(22)

Here f ¼ 2(a/b), which was determined by Ashton et al.16 and

also used by Fornes and Paul18; the symbols a and b represent

the length and diameter for ellipsoidal fillers or the diameter

and thickness for oblate platelet fillers.

The experimental results and model predictions for PLA/wood

flour composites are compared in Figure 4. The wood flour par-

ticles we used in this study are shown in a SEM image inset in

Figure 5 as well as the distribution of wood flour aspect ratio

(a). The number average aspect ratio before extrusion was cal-

culated based on sufficient numbers of SEM images. The wood

flour particles exhibiting inconsistent geometry and size possess

an average aspect ratio of 3.7 6 1.3. Model predictions with

three different aspect ratio values a ¼ 2.4, 3.7, and 5 were also

compared in Figure 4. Obviously, the elastic modulus is increas-

ing with increasing wood flour volume fraction for both experi-

mental results and model predictions. The model prediction for

a ¼ 2.4 shows a fair agreement with the experimental results

considering the curve passes through the data point at f2 ¼ 51

vol %. The slope of predicted curves increases as the aspect ra-

tio a increases from 2.4 to 5. The predicted curve of a ¼ 3.7

from our proposed model properly fits the experimental results

as passing through three data points. We should note that the

increase in aspect ratio decreases the maximum random packing

fraction according to Sudduth’s work19,20; therefore, beyond cer-

tain wood flour volume fraction the elastic modulus will

decrease with the volume fraction. For aspect ratio values from

2.4 to 5, the maximum random packing fraction was calculated

to be from about 63 to 56 vol %. Because our composite mate-

rials were prepared by twin-screw extrusion generally generating

high shear stress and we assume that wood flour particles are

aligned uniaxially along loading axis in our model, our experi-

mental data and model predictions do not show elastic modulus

decrease with wood flour volume fraction. The predicted curve

from our model with a ¼ 5 almost overlaps the prediction

from the Halpin-Tsai model with a ¼ 3.7. To be clearly pre-

sented, only one predicted curve was plotted in the figure for

the two cases. Compared to our proposed model, the Halpin-

Tsai model tends to underestimate wood flour aspect ratio

probably due to neglecting the effect of Poisson ratios of differ-

ent component materials. Our proposed model with a ¼ 2.4

and 5 creates an area bounded by the two predicted curves

Figure 4. Comparison between experimental results and theoretical

predictions [Eqs. (18–22)] for elastic modulus as a function of wood flour

volume fraction f1 with f2 ¼ 0 and various aspect ratios a.

Figure 5. Aspect ratio distribution of wood flour calculated based on suf-

ficient SEM images and an inset SEM image of wood flour particles (scale

bar ¼ 1 mm).

Figure 6. Transmission electron microscopy (TEM) image of PLA nano-

composite containing 3 wt % clay.
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where the experimental results at various wood flour volume frac-

tions are likely scattered. This is particularly true with considering

the nonuniform particle size, random flour alignment, wood flour

particle aggregation and poor interfacial adhesion in the compo-

sites21 as well as possible aspect ratio reduction resulting from

wood fiber damage during twin-screw extrusion.22,23 The pre-

dicted curve by the Reuss model is much lower than the experi-

mental results, and the prediction of the Voigt model is compara-

ble to that of our model with a ¼ 3.7 except that at high wood

flour volume fractions the Voigt model predicts lower values than

our model does. To be noted that the Voigt and Reuss models do

not take any filler shape parameters into account.

Polymer-Oblate Platelet System

By setting f1 ¼ 0, eq. (10) was reduced into a model for poly-

mer-clay systems, given by:

EL

E0
¼ 1

1þ f2
B��
3 S1þB��

4 S2ð Þ
A��S þ B��

4 �m0B��
3ð Þ

A��

� � (23)

An EOF aspect ratio b of 2 would introduce an infinity, as a de-

nominator in eq. (14) involves b2 � 4. The number of silicate

layers in an EOF (n) was varied from 1 to 4 in this study.

Figure 6 illustrates the clay dispersive structures in a PLA nano-

composite containing 3 wt % clay. A microsize tactoid and

intercalated and exfoliated silicate layers are observed in the

TEM image. Based on the TEM observation and our earlier

XRD analysis,15 the clay particles in the nanocomposites are

mostly in an intercalated structure and only few in an exfoliated

structure. The n value of 1 refers to a fully exfoliated structure,

which is obviously not applicable to our nanocomposites. The

intercalated and partially exfoliated structures for our case were

approximately treated as a solo intercalated structure, and there

are n silicate layers in each clay cluster.

Figure 7 presents the effect of the number of intercalated layers

in an EOF (n) on theoretical prediction at f1 ¼ 0 and b ¼ 44.

Note that when keep the aspect ratio of EOFs constant, larger n

values should result in larger size particles in nanocomposites

according to the model. The predicted curve obtained from our

model for n ¼ 1 is lower than the experimental results since for

a fully exfoliated structure b ¼ 44 is much lower than the real

aspect ratio of single silicate layers. This confirms that an inter-

calated clay structure is dominant in the nanocomposites. The

increase of the n value from 1 to 2 significantly increases the

slope of predicted curve, meaning improved reinforcement

effect of intercalated clay clusters than exfoliated silicate layers

when they have a same aspect ratio (b ¼ 44). Further increase

of the n value from 2 to 4 continues increasing the curve slope

but the slope increment is less than the previous one. In con-

trast to that the predictions from the Halpin-Tsai model for the

same n values (1 and 4) are higher than the experimental results

at 0.8 and 1.4 vol %, our model predictions are really getting

Figure 8. Effect of equivalent oblate filler aspect ratio (b) on the elastic

modulus of nanocomposites with f1 ¼ 0 and n ¼ 2 [Eq. (21–23)].

Figure 9. Experimental results and model predictions as a function of sili-

cate layer volume fraction f2 at f1 ¼ 51%, n ¼ 2 and various aspect ratios

(a and b) [Eqs. (9 and 10)].

Figure 7. Effect of intercalated silicate layer number (n) in an equivalent

oblate filler on the elastic modulus of nanocomposites with f1 ¼ 0 and b

¼ 44 [Eqs. (11, 12, 17, 21–23)].
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closed to these experimental results. As observed in the TEM

image (Figure 6), the length of most clay particles is smaller

than 500 nm; thus, we choose n ¼ 2 for the following study.

Figure 8 presents the variation of elastic modulus as a function

of silicate layer volume fraction predicted by our proposed

model and the Halpin-Tsai model at f1 ¼ 0, n ¼ 2 and two dif-

ferent aspect ratio (b ¼ 44 or 75). According to Sudduth’s

model,20 at a random packing fraction of 1.4 vol %, the aspect

ratio b of clay in nanocomposites should be around 44. How-

ever, the morphology of silicate layers in the nanocomposites as

observed by TEM in Figure 6 reveals that the silicate layers do

align in a preferred direction as the flow direction during injec-

tion molding. Thus, it is possible that the aspect ratio b could

be somewhat larger than 44. As shown in Figure 8, our model

predictions for b ¼ 44 and 75 pass through the experimental

points at f2 ¼ 1.4 and 0.8 vol %, respectively; whereas, with the

same aspect ratio values, the Halpin-Tsai model predicts larger

values than our model does.

Polymer-Ellipsoidal-Oblate Platelet Filler Systems

Here, we consider the variation of elastic modulus as a function

of silicate layer volume fraction at f1 ¼ 51 vol %, n ¼ 2 and

various aspect ratio pairs (a and b) (Figure 9). An aspect ratio

pair a ¼ 3.7 and b ¼ 44 was tested in both our proposed

model and the Halpin-Tsai model, and both the theoretical pre-

dictions diverge from the experimental data as the silicate layer

volume fraction increases. The proposed model predicts lower

values with increasing silicate layer volume fraction; on the con-

trary, the Halpin-Tsai model leads to higher elastic modulus val-

ues. One observes quantitative agreement between the model

prediction and the experimental data for a ¼ 3.7 and b ¼ 75

for our proposed model. We could expect the increase in clay

aspect ratio in the three-phase nanocomposites because the clay

particles in the nanocomposites were twin-screw extruded twice

according to the preparation procedure probably resulting in

more silicate layer delamination. For a constant a value, increas-

ing b value increases the slope of predicted curves, but they still

share a same starting point at f2 ¼ 0; meanwhile, for a constant

b value, increasing a value shifts entire curve to higher values.

Note that the predicted curves with a same b value but different

a values tend to converge as the silicate layer volume fraction

increases, which is indicative of wood flour–silicate layer inter-

action. For the Halpin-Tsai model prediction in this case, we

assume that the PLA/clay/wood nanocomposites form a two-

phase system with the matrix properties being those of PLA/

wood composite containing about 51 vol % wood flour. A sec-

ond application of the Halpin-Tsai model predicts the elastic

modulus of the three-phase system. The predicted curves from

the Halpin-Tsai model are parallel to each other when they have

a same b value but different a values and always higher than

the predictions made by our proposed model at same aspect

ratios. The Halpin-Tsai model can be used to predict elastic

modulus of composites reinforced by one type of filler, such as

clay or wood flour, with acceptable errors. However, for three-

phase composite systems the proposed model is recommended

because it considers the interaction between two different types

of fillers and improves the prediction accuracy.

CONCLUSIONS

A micromechanics method, which was derived via Eshelby’s

equivalent inclusion method and Mori-Tanaka’s back-stress

analysis, was used to develop a three-phase model for polymer/

clay/wood nanocomposites. We extended the method of Taya

and Zhou to polymer/ellipsoidal filler/oblate platelet systems.

The dominant structure of nanoclay in the nanocomposites was

identified to be intercalation and partially exfoliation via XRD

and TEM. Thus, intercalated clay particles along with the poly-

mer in the galleries were treated as EOFs whose physical con-

stants can be computed from the physical constants of the clay

and the PLA matrix. The mathematical model involves five vari-

ables: a wood flour volume fraction f1, a silicate layer volume

fraction f2, a silicate layer number n in an EOF, a wood flour as-

pect ratio a, and an EOF aspect ratio b.

The three-phase model recovers the limiting cases of two-phase

models for polymer/ellipsoidal filler systems and for polymer/oblate

platelet systems by setting either f1 or f2 zero. In the simplified poly-

mer/ellipsoidal filler system, the model produced predictions fitting

to the experimental results well in an aspect ratio (a) range of 2.4–
5. In the simplified polymer/oblate platelet system, the predictions

from our model related to the variation of the n value confirmed

that intercalated clay structure is dominant in the nanocomposites,

which is in good agreement with experimental observations.

According to a maximum random packing theory and our model,

the possible b range is from 44 to 75. Compared to our model, the

Halpin-Tsai model tends to produce overestimated elastic modulus

values when using same aspect ratios as those used in our model

for the two simplified two-phase systems. In the three-phase nano-

composites, we achieved quantitative agreement between experi-

mental data and our proposed three-phase model predictions for

the following values of wood flour and EOF aspect ratios (a and b):
n ¼ 2, a ¼ 3.7, and b ¼ 75. It is interesting to note that in our

model predictions at a same b value, the increase rate of elastic

modulus responding to the silicate layer volume fraction is larger at

lower wood flour aspect ratio values than at larger a values.
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APPENDIX

C�
11 ¼ 2S11111 þ 2S11122 þ S13311 þ S13322

� �
þ 2

l1 � l0
k1 � k0

� �
S11111 þ S11122
� �þ 2 k0 þ l0ð Þ

k1 � k0ð Þ (A1:a)

C�
12 ¼ 2S11133 þ S13333

� �þ 2
l1 � l0
k1 � k0

� �
S11133 þ

k0
k1 � k0

(A1:b)

C�
21 ¼ 2S11111 þ 2S11122 þ S13311 þ S13322

� �
þ 2

l1 � l0
k1 � k0

� �
S13311 þ S13322
� �þ 2k0

k1 � k0ð Þ (A1:c)

C�
22 ¼ 2S11133 þ S13333

� �þ 2
l1 � l0
k1 � k0

� �
S13333 þ

k0 þ 2l0
k1 � k0ð Þ (A1:d)
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D�
1 ¼ 1þ l1 � l0

k1 � k0

� �
(A1:e)

D�
2 ¼ 1þ 2

l1 � l0
k1 � k0

� �
(A1:f )

The coefficients of C��
11, C

��
12, C

��
21, C

��
22 , D

��
1 , and D��

2 for the inho-

mogeneity of type 2 (clay clusters) are of the same form as those

for the type 1 but using the Eshelby tensors and Lam�e constants

(l and k) for type 2 instead of the corresponding ones for type 1.

A� ¼ C�
11C

�
22 � C�

21C
�
12

B�
1 ¼ 2 C�

12 � D�
1C

�
22

� �
B�
2 ¼ D�

2C
�
12 � C�

22

B�
3 ¼ 2 D�

1C
�
21 � C�

11

� �
B�
4 ¼ C�

21 � D�
2C

�
11

(A2)

Type 2 inhomogeneities are identified by two asterisks super-

scripts.

H�
11 ¼ 2

2m0
1� 2m0ð Þ S11111 þ S11122 þ S13311 � 1

� �þ S11111þS11122 � 1

� �

H�
12 ¼

2m0
1� 2m0ð Þ 2S11133 þ S13333 � 1

� �þ 2S11133

H�
21 ¼

4m0
1� 2m0ð Þ S11111 þ S11122 þ S13311 � 1

� �þ 4S13311

H�
22 ¼

2m0
1� 2m0ð Þ 2S11133 þ S13333 � 1

� �þ 2 S13333 � 1
� �

(A3)

The coefficients of H��
11, H

��
21, H

��
12, and H��

22 can be obtained by

substituting S1
ijkl with S2

ijkl .

S ¼ Q11Q22 � Q21Q12

S1 ¼ Q12R2 � Q22R1

S2 ¼ Q21R1 � Q11R2

(A4)

Q11 ¼ 2 1� f1 � f2ð Þ
1� 2m0ð Þ þ f1

2

1� 2m0ð Þ þ
H�

11B
�
1 þH�

12B
�
3

� �
A�

� �

þf2
2

1� 2m0ð Þ þ
H��

11 B
��
1 þH��

12 B
��
3

� �
A��

� �

Q12 ¼ 2m0 1� f1 � f2ð Þ
1� 2m0ð Þ þ f1

2m0
1� 2m0ð Þ þ

H�
11B

�
2 þH�

12B
�
4

� �
A�

� �

þf2
2m0

1� 2m0ð Þ þ
H��

11 B
��
2 þH��

12 B
��
4

� �
A��

� �
ðA5Þ

Q21 ¼ 4m0 1� f1 � f2ð Þ
1� 2m0ð Þ þ f1

4m0
1� 2m0ð Þ þ

H�
21B

�
1 þH�

22B
�
3

� �
A�

� �

þf2
4m0

1� 2m0ð Þ þ
H��

21 B
��
1 þH��

22 B
��
3

� �
A��

� �

Q22 ¼ 2 1� m0ð Þ 1� f1 � f2ð Þ
1� 2m0ð Þ þ f1

2 1� m0ð Þ
1� 2m0ð Þ þ

H�
21B

�
2 þH�

22B
�
4

� �
A�

� �

þf2
2 1� m0ð Þ
1� 2m0ð Þ þ

H��
21 B

��
2 þH��

22 B
��
4

� �
A��

� �

R1 ¼ f1

A� H�
11 B�

2 � m0B
�
1

� �þH�
12 B�

4 � m0B
�
3

� �
 �
þ f2

A�� H��
11 B��

2 � m0B
��
1

� �þH��
12 B��

4 � m0B
��
3

� �
 � ðA6Þ

R2 ¼ f1

A� H�
21 B�

2 � m0B
�
1

� �þH�
22 B�

4 � m0B
�
3

� �
 �
þ f2

A�� H��
21 B��

2 � m0B
��
1

� �þH��
22 B��

4 � m0B
��
3

� �
 �
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